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Abstract

The Forman'’s discrete Morse theory appeared to be usefpréoiding
filtration—preserving reductions of complexes in the staflpersistent ho-
mology. So far, the algorithms computing discrete Morsecinags have
only been used for one—dimensional filtrations. This papgyerhaps the
first attempt in the direction of extending such algorithrmgrtultidimen-
sional filtrations. Initial framework related to Morse mhittgs for the mul-
tidimensional setting is proposed, and a matching algorigiven by King,
Knudson, and Mramor is extended in this direction. The atness of the
algorithm is proved, and its complexity analyzed. The dtbor is used
for establishing a reduction of a simplicial complex to a Bemabut not
necessarily optimal cellular complex. First experimentthiltrations of
triangular meshes are presented.

1 Introduction

Thepersistent homologlyas been intensely developed in the last decade as a tool
for studying problems of two kinds. One is the topologicadlgris of discrete
data, e.g.point-cloud datawhere the chosen framework is a discrete linear fil-
tration of a simplicial complexes. The first contributionsthis direction given
by Edelsbrunner et al. in[14], and later by Carlsson and Zontian [6] opened

a new direction in research. The other one is the study ofeskapilarity by
shape-from-functiomethods, where the framework is the filtration of a topolog-
ical triangulable space by the values of a continuous fonctialledmeasuring
function TheO—dimensional persistent homology case, where the topdbui-
variants are based on the number of connected componergse Whown under
the name of thesize functiortheory since the paper by Frosini [17]. The appli-
cations of persistent homology to shape similarity areisthtdly [26,/8/12]. The
two frameworks, discrete and continuous, have been exteiodbde multiparam-
eter filtration case callethultidimensional persistence/here the filtration is set
up with respect to a parameter space that is no longer ortieezdly [7,[3/4/ 10].

In the continuous setting this gives risenmiltidimensional measuring functigns
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that is functions with values iR*. In [9] the relation between the discrete and
continuous settings is established.

In parallel, another mathematical theory which becameeisingly popular
in computational sciences is the Forman’s discrete Morserth[15]. We will
not elaborate on all possible applications of this theoryisualization, imaging,
computational geometry and other fields but just point oatdhe to computing
persistence. The effective computation of the persistentdiogy is a challenge
due to a huge size of complexes built from data, for instamieemeshing tech-
niques. The discrete Morse theory enables algorithms negucgiven complex
(simplicial, cubical, or cellular) to a much smaller celuicomplex, homotopi-
cally equivalent to the initial one, by meanshMbrse matchingalso calledMorse
pairing. An ultimate goal is often to reduce the complex to an optiomed, where
all remaining cells are topologically significant. If a retion by Morse pairings
can be performed in a filtration—preserving way, that leads taster persistent
homology computation. This goal motivated the contribagiof King, Knudson,
and Mramorl[211], Mischaikow and Nanda [23], Robins et[al][25d Dtotko and
Wagner[[13].

Given a complex and a partial pairing of its cells, the patelis form a dis-
crete vector field in the language of discrete Morse theodycam be reduced in
pairs so to obtain at each step a new complex homotopicaliyaignt to the pre-
vious one. The final complex consists of unpaired cells treakso called critical
cells. First, we give an algorithm that constructs a Morséciriag for a given
complex and we prove its correctness and analyze its coityplekhen, we go
on proving that given a multifiltration on the initial comglethe reduction pro-
cess yields a new multifiltration consisting of smaller céemps and which has
the same persistence homology as the initial one. As pomiéch [23] for the
one dimensional case, the complexity of computing multehisional persistence
homology of a filtration is essentially determined by theesinf its complexes.
This motivates this approach of reducing the initial comptefor achieving a low
computational cost in the persistence homology computati@ur matching al-
gorithm can be considered as an extension to the multidiimeaissetting of the
algorithms given in King et al[[21] and Cerri et al. [11]. Thrultidimensionality
is symbolized by the function defined on the vertices of thmmglex. The algo-
rithm is of iterative and recursive nature. It considersgwvertex of the complex
and builds a partial matching recursively on its lower lirdfdre extending it to
the entire complex. When the dimension is fixed and the nurobeofaces of
every cell in the complex is bounded above by a fixed constanprove that the
computational complexity of the algorithm is linear in thenmber of vertices of
the initial complex.

So far, the algorithms for discrete Morse pairings have drdgn used for
one—parameter filtrations. There does not yet exist a sydiemxtension of the
Forman'’s discrete Morse theory to the multiparameter case,this goal offers
challenges both on theoretical as on computational levkis paper is the first
attempt in this direction.

The paper is organized as follows. In Secfibn 2, we recalhdifhs and some
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known facts abouf-complexes, multidimensional persistent homology, acycl
matchings, and reduction 6&-complexes. In Sectidd 3, we propose initial defini-
tions of Morse pairings for the multidimensional settinglare extend the algo-
rithm given by King, Knudson, and Mramor. We next prove theectness of the
algorithm. Note that we do not claim to obtain an optimalwell complex. The
set of cells we caltritical is simply the set of all unpaired cells and, typically, this
is not an optimal complex. We next establish our filtratioresgrving complex
reduction method. In Sectidn 4, we present our first experiewith multifiltra-
tions of triangular meshes. These experiments show a fa@rafareduction but
not an optimal one in the sense that the remaining cells arelin@levant in the
computation of persistence homology. An improvement ofraethods towards
the optimality is a research in progress.

2 Preliminaries

2.1 S-complexes

We shall use the combinatorial framework $fcomplexes introduced i _[24].
Let R be a principal ideal domain (PID) whose invertible elemeawvascall units
Given a finite setX, let R(.X') denote the free module ov& generated by .

Let S be a finite set with a gradatio®, such thatS, = ) for ¢ < 0. Then
R(S,) is a gradation of2(S) in the category of moduli over the ring. For every
elementr € Sthere exists a uniqgue numbgsuch that € S,. This number will
be referred to as the dimensionofnd denotedim o.

Letx : Sx S — R be a function such that, (o, 7) # 0, thendimo =
dim T + 1.

We say tha{S, x) is anS-complexif (C.(S), 97) with C,(S) := R(S,) and
95+ Cy(S) — C,y-1(S) defined on generatots< S by

(o) := Z k(o,T)T

TES

is a free chain complex with bag& The mapx will be referred to as theoinci-
dence indexIf k(o,7) # 0, then we say that is aprimary faceof ¢ ando is a
primary cofaceof 7. We say that is afaceof o ando is acofaceof 7 if there is
a sequence of generators ordered by the primary face relstaoting withr and
ending witho.

By the homology of ars-complex(S, x) we mean the homology of the chain
complex(C,(S), 97), and we denote it by, (S, k) or simply by H.(S).

The choice ofR a PID is made for the sake of homology computations, and
also because in the proof of Proposition/ 2.1 we actually hseancellation law.

A special case of a complex is the simplicial complex. A-simplexc =
[vo, v1, - . ., v,] IN RY is the convex hull of; + 1 affinely independent points),v;,



..., vy INRY, called the vertices of. The numbey is the dimension of the sim-
plex. Aface ofr is a simplex whose vertices constitute a subsétQfv,, . . ., v,).
A simplicial complex consists of a collecti@of simplices such that every face of
a simplex inSis in S, and the intersection of two simplices&is their common
face. The simplicial comple$ has a natural gradatiofs,), whereS, consists
of simplices of dimension. Since a zero dimensional simplex is the singleton
of its unique vertexS, may be identified with the collection of all vertices of all
simplices in the simplicial compleS.

Assume an ordering d§;, is given and every simplex in S is coded as
[vg, U1, ... vy], Where the verticesy, vy, ...v, are listed according to the pre-
scribed ordering 08§,. By putting

(=1)" if o = [v,v1,...,0,
k(o,T) = andr = [vg, V1, ..., Vim1, Vit1, - - -, Uy
0 otherwise.

we obtain anS-complex whose chain complex is the classical simpliciaiich
complex used in simplicial homology.

2.2 Multidimensional Persistent Homology

Let (S, k) be anS-complex. Amulti-filtration of Sis a family 7 = {S*} ,cg+ Of
subsets o6 with the following properties:

(a) F is nested with respect to inclusions, thais C SP, for everya =< 3,
wherea < gifandonlyifa; < g;foralli =1,2,..., k;

(b) F is non-increasing on faces, that ispife S* andr is a face ofs then
T € S™.

Persistence is based on analyzing the homological chargesring along
the filtration asn varies. This analysis is carried out by considering,dor 3,
the homomorphism

H,(jP) . H,(S*) — H,(SP).

induced by the inclusion map*? : S* — SP.

The image of the ma;ﬁ{q(j(aﬁ)) is known as they'th persistent homology
group of the filtration at(«, 5) and we denote it b)Hgﬁ(S). It contains the
homology classes of orderborn not later tham and still alive at5.

The framework described so far for general filtrations carsjpecialized in
various directions. A case relevant for a simplicial compgewhen the filtration
is induced by the values of a function defined at its vertitesS be a simplicial
complex. Given a functiorf : S, — R*, itinduces or the so-calledublevel set
filtration, defined as follows:

S*={o=[vo,v1,...,9 €S| f(v;) R, 1=0,...,q}.

We will call the functionf ameasuring function
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2.3 Acyclic Partial Matchings

Let (S, k) be anS-complex. Apartial matching(A, B, C,m) on (S, x) is a partition
of Sinto three seté\, B, Ctogether with a bijective mam : A — B such that, for
eachr € B, x(m(7), 7) is invertible. Observe that, in particulan(7) is a primary
coface ofr.
A partial matching(A, B, C,m) on (S, k) is calledacyclic if there does not
exist a sequence
00,70y 01, Thy -« + s Opy Ty Opi (1)

such thatg, ;1 = 0y, and, foreach = 0,...,p, 0;41 # 0;, 7 = M(0;), andr; is
a primary coface of; ;.

A convenient way to reformulate the definition of an acyclart@al match-
ing is via Hasse diagrams. Th¢asse diagranof (S, x) is the directed graph
whose vertices are elements3)fand the edges are given by primary face relations
and oriented from the larger element to the smaller one. rGavpartial match-
ing (A,B,C, m) on (S, k), we change the orientation of the edgec) whenever
7 = m(o). The acyclicity condition says that the oriented graph iolei in this
way, which is also called theaodified Hasse diagramf (S, x), has no nontrivial
cycles. A directed graph with no directed cycles is calle@r@ctied acyclic graph
(DAG). Thus, a partial matchin@?, B, C,m) on (S, k) is acyclicif its correspond-
ing modified Hasse diagram a DAG.

2.4 Reductions

We describe here a reduction construction which was inttedin [19] for finitely
generated chain complexes, also presented in [18, Chaptdihé construction
was reused in_[24] for the purposes of the coreduction me#imat] recently, in
[23] for the one-dimensional filtration ¢f-complexes, which is perhaps the clos-
est reference for the purposes of this paper.

Let (A, B, C, m) be a partial matching (not necessarily acyclic) oisacomplex
(S,k). Giveno € A, a newS-complex(S, %) is constructed by settin§ =
S\ {m(o),c},andr : Sx S — R,

(1, )n(m(e), )

r(m(), o)

(2)

E(nvg) = “(777 5) -

Note thatx(m(o), o) is invertible by the definition of a partial matching. We say
that(S, %) is obtained from(S, ) by areductionof the pair(m(c), o).

A pair of linear mapsr : C,(S) — C.(S) and. : C.(S) — C.(S) is defined
on generators by setting

0 if 7=m(o)
(1) =1 — Lecsamagé fr=0 (3)
T otherwise



and

m(o). (4)

It is well known [19] thatC. (S) is a well-defined chain complex, and that
and. are chain equivalences with the chain homotadpy: C.(S) — C.+1(S)
given on generators € S, ¢ € Z, by

1

—————m(o) fr=0
D,(7) :{ e (o)

otherwise

(5)

As a consequencé, (S) = H.(S).
Let (A, B,C, m) be an acyclic partial matching on &complex(S, ). Let
(S, %) be obtained frontS, ) by reduction of the paifm(c), o), o € A,

Proposition 2.1 If (A, B, C, m) is acyclic then, for any € A\ {c}, (m(7), 7) is
invertible. Furthermorez(m(7), 7) = k(M(7), 7).

PROOF. By definition,

If x(m(7),0)k(M(c0),7) = 0, thenk(m(7),7) = x(M(7), 7) is invertible. Oth-
erwise,x(m(7), o) # 0 andx(m(o), 7) # 0. Henceo is a primary face of(r)
andr is a primary face oim(s). On the other hand, by definition of, o is
a primary face ofm(c) andr is a primary face oim(7). But this contradicts
the assumption that the partial matching is acyclic. In agsion, necessarily

m(m(7),7) = w(M(7), 7). O

Corollary 2.2 Let (A, B, C,m) be an acyclic partial matching oS, ). Given a
fixedo € A, defineA = A\ {¢}, B =B\ {m(o)}, M = mjz andC = C. Then
(C,m: A— B)is an acyclic partial matching ofS, 7).

PROOF.  The bijectivity of m is obvious by definition. The invertibility of
®(m(7),7) has been just proved in Proposition]2.1. A cycle in the Hasaze d
gram of (S, %) is also a cycle inS, ), hence the acyclicity condition follows.

O
Finally, we define the induced filtration &

Definition 2.3 Let F = {S*},cr+ be a multifiltration onS. ThenF = {S"},cgs
is the multifiltration onS defined by setting, for eache S,

TS «— 175"



3 Main Results

3.1 Matching Algorithm

In this section we consider a finite simplicial compgxogether with a function
f Sy — R* inducing the sublevel set filtratioR = {S*},cr+. Given two values
a= (o), 8= (5;) € R¥ we setn < 3 (resp.a < B) if and only if a; < 3; (resp.
a; < ;) for everyi with 1 < ¢ < k. Moreover we writex =  wheneverr < 3
anda # .

3.1.1 Indexing Map for Vertices

By definition, an indexing map on the vertices of the comi@ex any one-to-one
map/ : Sy — N. Our objective is to build an indexing mdpsuch that, for each
v,w € Sy with v # w, f(v) 2 f(w) impliesI(v) < I(w). For this purpose, we
will use topological sorting of the vertices 8.

We recall that a topological sorting of a directed graph isnadr ordering
of its vertices such that for every directed edgev) from vertexu to vertexv,
u precedes in the ordering. This ordering is possible if and only if theygh
has no directed cycles, that is, if it is a DAG. A simple wellokwm algorithm
(seel[2] 20]) for this task consists of successively findiadiges of the DAG that
have no incoming edges and placing them in a list for the fiodlrgy. Note that
at least one such vertex must exist in a DAG, otherwise, thplgmust have at
least one directed cycle. Letdenote the list that will contain the sorted vertices
of Sy andl the list of vertices or nodes in the DAG with no incoming edgese
algorithm consists of two nested loops as summarized below.

Algorithm 3.1 [Topological sorting]
while there are vertices remaining irdb
removea vertex u from |
addutoL
for each vertex v with an edge e from u talg
removeedge e from the DAG
if v has no other incoming edgédsen
insert v into |
End

When the graph is a DAG, there exists at least one solutiomhi®rsorting
problem, which is not necessarily unique. We can easily lsaethe algorithm
visits potentially every node and every edge of the DAG, dfege its running
time is linear in the number of nodes plus the number of edyédse DAG.

Lemma 3.2 There exists an injective functiah: Sy — N such that, for each
v,w € Sywithv # w, f(v) 2 f(w) implies](v) < I(w).



PROOF. Let us denote by the cardinality ofS,. The setS, can be represented
in a directed graph where each vertex is a node, and a diredgel is drawn
between two vertices, w € Sy if and only if f(v) 2 f(w). Itis easily seen that
we actually obtain a directed acyclic graph (DAG), sinceraated cycle inS,
leads to the relatiofi(u) 2 f(u) for some vertex. € Sy, which is a contradiction.
The topological sorting algorithm outlined above will alldo sort and store the
vertices inS; in an arrayA of size NV, with indexes that can be chosen from 1 to
N. It follows that the map : S; — N that associates to every vertex its index in
the arrayA is an injective map o1%,. Moreover, and due to topological sorting,
I satisfies the constraint that forw € Sy with v # w, f(v) 2 f(w) implies

I(v) < I(w). O

Given a vertex of S and a simplexr € S with vertices affinely independent
onw, we denote by * o thejoin of v ando which is, in our geometric setting, the
convex hull of{v} U o. We further denote bg'(v) the lower link ofv which is
defined by the following formula

S(w)y={reS|vxT e SAVvertexw € 7, f(w) 3 f(v)}. (6)

Algorithm 3.3 [Matching]

Input: A finite simplicial complexS with a functionf : S, — R* and an indexing
I:Sy, — Non its vertices.

Output: Three listsA, B, C of simplices ofS, and a functiorm : A — B.

function Partition (complexS, function f, indexing mapl)
Begin

1. Initially, setA, B,C = 0.
2. Foreach € S,

(a) ComputeS'(v), the lower link ofw.
(b) If S'(v) is empty, then add to C. Else

I. addv to A.
ii. let f': S,(v) — R* be the restriction of and!’ : S)(v) — N be
the restriction off.
iii. Call Partition (recursively) with input argumentS'(v), f’, and
I’, and get the outpw', B', C, .
iv. SetD ={w € G| f(w) is minimal inC, w.r.t. Z}.
v. Setw, as the vertex with smallest indéin D’.
vi. Add [v, wo] to B and definem(v) = [v, wy).
vii. Foreachos € C \ {w}, addv x o to C,

viii. For eacho € A, addv * ¢ to A, addv *« m'(o) to B, and define
m(v o) =v*xm (o).



3. endfor.
4. Foreaclv € S\ (AUBUC), addo to C.
5. return A B, C, m.

End

Lemma 3.4 A, B, Cis a partition ofS andm is a bijective function from to B.

PROOF AU BU C = Sby instruction 4. By construction (instruction viii), the
mapm is onto. We show, by induction on the dimension of simplice& andB,
thatANB = () and thaim s injective. The proof of the equalitigs"C = () = BNC
goes by similar arguments and we leave it to the reader. Byuictsons (b) and
(i) vertices cannot belong tB. Therefore the first claim is true for simplices of
dimension 0. Moreover, the functian restricted to vertices oA is necessarily
bijective. Indeed, if the edgp), wo] is assigned ta € A (instruction vi), that
ism(v) = [v,w], it cannot be assigned againdg, because this would require
thatv € S'(wy). Thenf(v) 2 f(wy) and f(wy) 2 f(v) implying v = wy, a
contradiction.

Let us now assume that the claim is true for simplices of dsi@nless thamn.
Let 7 be a simplex of dimension in AN B. By instruction (viii) and since € A,
there existgr € A’ (whereA' = A'(v)) such thatr = v x o andm(7) = v m' (o).
Sincer € B, there exits? € Asuch thatr = m(3). Sincedim 5 > 0, there must
exist a vertexv and a simplexy € A such thats = w x v andT = w * m'(v),
with m'() € B'. The vertices» andw must be equal, otherwise they must belong
to the lower link of each other which would be a contradictidnfollows that
o=m(vy) € ANnB (whereB = B'(v)) which violates the induction hypothesis.

We have proved thah N B = () and we pass to the injectivity oh. Let
71, T2 € Abe simplices of dimensiom such tham(r;) = m(7;). There must exist
verticesv;, v, and simplices, o0, € A' such that = vy % oy, 79 = vy * 09 and

M(7) = vy x M (01) = M(72) = vy * M (03).

From what precedes, we can see that the verticas must be equal, otherwise
they must belong to the lower link of each other. It followatthn' (o;) = M (o)
and, by the induction hypothesis, we must haye= o, and therefore = 7,
which completes the proof. m

We define the mamax : S — R on simplices as follows

max (o) = max I(v).
v vertex ofs

Lemma 3.5
(a) Foreverys < 7,max (o) < max (7).

(b) Foreverys € A, maxd (o) = maxd (m(0)).
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PROOF. (@) is trivial from the definition ofmax . (b) If o is a vertexv, then
m(v) = [v,w] for somew € S'(v). By Lemmal3.2,/(w) < I(v) and hence
max (v) = maxd (m(v)). Leto € Abe a simplex of dimension > 1. There
exist a vertexo and a simplex’ € A' C S'(v) such thatr = v * ¢’ andm(c) =

v M (c'). Sinces’ andm’(¢’) are simplices of the lower link af, it follows that
bothmax (0’) andmax (nY(¢’)) are smaller thati(v). Thus

maxd (o) =max (v*0') =mad (v*m(c’)) =mad (M(c)) = I(v).
O

Theorem 3.6 Algorithm[3.3 produces a partial matchirig, B, C, m) thatis acyclic.
Moreover, ifo € S* thenm(o) € S°.

PROOF The partial matching is acyclic if and only if it is a gradierctor field
of a discrete Morse function. From [16, Theorem 6.2], thisgsivalent to prove
that there are no nontrivial closed directed paths in theifieodHasse diagram of
the compleXxS. Assume that

m - m m -
C:00 = Tg— 01 —=Ti...— Tn — 0y (7)

is a directed loop in the modified Hasse diagram, winestands for the matching
and the symbot for the face relation. From Lemnha 8.5, we deduce that is
nondecreasing along any directed path in the modified Haageamn. It follows
thatmaxl has to be constant along any directed loop. Thus, there misitae
unique vertex such that

max (0g9) = maxd (79) =max (1) =... =max (7,) = I(v),

andv must belong to every;, ; € ¢. We will prove by induction that this leads
to a contradiction. First, observe thatdifm oy = dimo; = ... = 0, then either
these vertices are equal, in which case the loop is triviathey are distinct in
which casemax = [ (on vertices) cannot be constant since it is injective. It
follows that we cannot have a directed lobvith cells of dimension® and 1.
Assume this claim is true up to dimensions- 2 andn — 1, and suppose our
directed loop( in (7)) is composed of cells; of dimensionn — 1 and cellsr; of
dimensionn. We have proved that is a vertex of each;, 7; € /¢, so there exist
simplicess, o1, ...,0., 7, 11, ...,7 in Ssuch that; = vxo, andr;, = v 7/. It

is easily seen that;,, < 7, implies thato] , < 7. On the other hand; = m(o;)
means that there must exist a vertexand a simplex; € A’ C S'(w;) such that

o; = w; * v, andt; = w; * m'(~}). Using the same arguments as in the proof of
Lemmal3.4, we conclude that we must have- w; and therefore), = o/ and
m(+}) = 7/. This shows also that, andr; have to be ir§'(v). We can see now
that we have a directed loop

/ /

L ! ! m e /
U:oy—Ty =0, — ... =T, =0,



in the modified Hasse diagram 8f(v) with simplices of dimensions — 2 and
n — 1, which violates the induction hypothesis.

Let nowo be a simplex of S, k) such that € S*. By definition ofm, there
exist a vertex and simplices’, 7’ € S'(v) such that = vxo’ andm(o) = v*7'.
By definition of lower link andS®, it follows that for every vertexv in ¢’ or 7/,
f(w) 2 f(v) < . Hencem(o) € S“. O

Remark 3.7 A variation of partial matching may be obtained by replacihg
lower link S'(v) in formula [6) with theweak lower linkdefined by

S'(v)={re€S|vxT € SAVvertexw € 7, f(w) < f(v)},

and analogously replacing by < in the definition ofD'. The conditiorv «7 € S
implies thatv is not in its weak lower link. The injectivity of and the instruction
2(b)-v of the algorithm permit carrying on the proofs. We sioiered this version
of the algorithm with the hope of matching more cells, howeua experiments
did not show a significant improvement in terms of getting aeraxcurate sef.

3.2 Complexity Analysis

We first describe the computational complexity of AlgortiBA. Letd be the di-
mension of the compleR. For eachr € S, we defineleg(o) to be the cardinality
of the set of all cofaces of.

We recall thatV is defined to be the cardinality &, i.e. the number of ver-
tices inS. For a vertexw € S, its lower link S'(v), which is a subcomplex of
S, consists of at mosteg(v) simplices of dimensions smaller or equalte- 1.

It follows thatS'(v) has at mostleg(v)d vertices. If we assume the worst case
scenario where every vertex has a nonempty lower link, tedall to function
Partition will result in N subsequent calls for Partition, each for a fixed vertex
v € Sy, with argumentsS'(v) and the restrictions of and/ to S'(v). Since
deg(v) varies for each vertey, it is difficult to establish any complexity bounds
for the algorithm without assuming some constraintsleg(v). We will assume
hereafter thatleg(v) is bounded above by a constantor everyv € Sy. This is

a reasonable assumption when dealing with complexes offaldsiand approxi-
mating surface boundaries of objects. For each verte)s,, we need to examine
its set of cofaces (read directly from the structure stotiregcomplex) to create its
lower link which can be done first in at mogsteps. The partition of the subcom-
plex S'(v) (resulting from the recursive call to Partition) will be el once (in

at mosty steps) to execute the steps (b)-vi to (b)-viii of the aldort We assume
that the vertices of are already ordered with respect to the indexing function.
It is easily seen that any subsequent calPartition with a complex formed by

a lower link of some vertex and of dimensien< d is completed in a number
of operations directly proportional to the number of sirog and vertices in the
complex which are bounded byand~(s + 1) respectively. This number will be
denoted byx(7, s).
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Theorem 3.8 Algorithm[3.3 produces a partial matchirig\, B, C, m) in less than
2v4(d + 1)!N steps.

PrROOF. From the discussion above, we deduce that the processeaaghfvertex
of Sis completed in less thahy + a(~, d — 1) operations. Therefore, the number
of operations for processing all the vertices (catl)its bounded above by

N2y + a(y,d—1)).

Reasoning by induction and using the arguments above, eddeguent call to
Partition on a complex of dimensionof a lower link of a vertex costs less than
a(v, s) and we have

a(y,s) (s +1) (27 + aly,s = 1)).

Moreover, when the complex consists only of vertices, eddmem will have
an empty lower link in that complex. Thus, we can conclude tha, 0) < ~.
Putting all together, we can conclude now that

n < N2y+aly,d=1)] < N2y +yd[2y + a(y,d - 2)]]
< N [29+429%d+ yda(y,d - 2)] .
By induction, we can prove that

N[2y+29%d+ ...+ 29" Vd(d - 1)...2+ 4“9 Dd(d - 1)...2a(v,0)]
27*(d + 1)IN.

n <
<

O

Letn denote the total number of cells in the original com@eX he computa-
tion of the rank invariant of @-dimensional multi-filtration of the comple&may
be achieved with an algorithm that runs@{n?¢*3) operations (seé[5] for more
details). Our method which consists of using the acyclicamags to perform
homology preserving reductions on the original compleboved to postpone the
persistent homology computation until the complex is redutm a smaller one
which may yield a tremendous gain in the number of operatiotisred. Letmn
denote the number of cells in the final complex after all réidns yielded by the
acyclic matching are performed. Thus, the computationstl gbthe multidimen-
sional persistent homology of the compgis reduced t@ (m?¢+3). To illustrate
the significance of our method, let us assume that our magaigorithm allows
to reduce the complex by half its number of cells (a ratio thkatomparable to
the ones provided in our experimental results). In this cdeepersistent homol-
ogy computational cost is reduced by a factoR¥f > (slightly greater thars00
if d = 3) when the computation is performed on the reduced compléis i$ a
major gain when comparing the computationally inexpensagkiction with the
time consuming persistent homology computation.
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0,3 4

(1,1) 1
3,00 0
(@) (b)

Figure 1: (a) Example of a one dimensional complex with aregisional map
on its vertices and in which every cell is critical accordingAlgorithm[3.3. (b)
Example of a one dimensional complex with a one dimensioregd on its ver-
tices that can be extended to a Discrete Morse Function ligriisg to each one
dimensional cell the maximum of the values of its vertices. 3&h easily see that
any cancellation of cells would lead to a change in perstgtdromology of the
complex.

Indeed, if we assume that we work under the constraintdegio) < ~ for
everyo € S, we can easily prove that each elementary reduction is aethii
constant time. Hence, the time complexity of the total réidncprocess which
runs through all the matching paifsn(c), o} and performs the reductions is in
the worst case linear in the number of cells of the complex.

Our aim is to maken very small compared ta, or equivalently construct an
optimal acyclic matching. However, this problem is knowrb® NP hard[[22]
and there are no known procedure to minimizefor arbitrary complexes. In
our context where we are dealing with a multidimensionatfiom and using an
algorithm based on exploring lower links of vertices, it @spible to reach an
outcome where no reduction is possible and every cell igalit This point is
illustrated in FiguréIl(a).

Since our work is inspired by the work in [21], it is naturak&ise the question
of whether it is possible to add some cancelling step to refuther the number
of critical cells and allow a bigger number of reductionsdrefproceeding with
the persistent homology computation. Since our algoritmodpces an acyclic
matching of the complex, it is possible to build gradienthgaand do cancella-
tions when possible as defined in[15]. However, the cantoafiaf critical cells
is not necessarily desirable in this context because it svagiainst providing a full
account of the history of births and deaths of homology geioes which is neces-
sary for obtaining complete information about the persigt@mology. This latter
point can be easily illustrated with a simple example as shiowrigure[1(b).

3.3 Back to Reductions

In this section, we prove that an acyclic matching orSacomplex(S, ) allows
by means of reductions to replace the initial complex by allemane with the

13



same persistent homology. The motivation for this appraaems from the need
to achieve a low computational cost in the persistence hogyatomputation.

In the sequel, we assume th{at B, C m) is an acyclic matching on a filtered
S-complexS with the property:

If o € S* thenm(o) € S°. (8)

Theoreni 3.6 asserts that the matching produced by AlgoBtBon a filtered
simplicial complexS has this property.

Proposition 3.9 Leto € A and let(S, %) be obtained from(S, ) by reduction
of the pair (m(c),0). Letm, «, and D be maps defined by formuldd (3)] (4),
and (3) respectively. Then(C.(S*)) € C.(S"), «(C.(S")) € C.(S*), and
D,(C,(S*)) C Cypy1(S"), for eachq € Z.

Q

PROOF Let7 € S*. We need to show that(7) € C.(S"). By definition of
m, the only non trivial case is when = o. In this caseg € S* and by [8),
m(c) € S*. Note that the chain (o) is supported in the union of celfse S such
thatk(m(o), €) # 0. Each suclf is a face oin(o) € S*, hencet € S”.

Let nowr € S”. We need to show thafr) € C.(S*). By definition of., the
only non trivial case is wher(r, o) # 0. This implies thav is a face ofr. Let
T € S”. By Definition[2.3, this means thatc S®. By definition of filtration, it
follows thato € S*. Again, by [8),m(c) € S%, proving the claim.

The statement o, instantly follows by the same argument. m

Lemma 3.10 The mapsric, s+ : C.(S*) — C.(S") and o sy : Ci(S") —

C.(S*) defined by restriction are chain homotopy equivalences. eldgr, the

diagram

H.(j(:P))
v

H.(S%) H.(S)

1%
1%

H, (j(@P)
( )

H.(5Y) H.(3)

commutes.

PROOF. By Propositiori 3.9, we have the commutative diagram

C.(S*) — C.(S9)

T|Cx (SY) Ty (sB)
C.(3) = ()

where the vertical arrows are chain equivalences. Thetrislaws by the func-
toriality of homology. 0

This lemma immediately yields the following result.

Theorem 3.11 For everya < 3 € R*, H*#(S) is isomorphic toH #(S).

14



Let us ordelA in a sequence
A={A(1),A?2),...,A(n)}
and seB(i) = m(A(i)),i = 1,2,...,n. PutS(0) = Sand
S(i)=S(i —1)=S(i — 1)\ {B(1),Al)}, i=1,2,...,n.

Since a partial matching defines a partitiorSpfve haveS(n) = C.

Note that, by Definitioli 213, the conditionl (8) carries thghuto the reduced
complex. Consequently, Corolldry 2.2, Lemima 3.10 and Téme8.11 extend by
induction to any step of reduction. Hence, for any R*, we get a sequence of
filtered S-complexes

(S°(0), K%(0)), (S*(1),k%(1)), ..., (S*(n), %(n)),
wherer® (i) = k(i — 1), together with a sequence of chain equivalences
T (i) : Cu(S™(i = 1)) = Cu(S%(8), "(1) : Cu(S*(4)) = Cu(S™(i — 1)).
Moreover, for anyx < 3, we get the sequence of inclusions
7D (i) - (i) — S0,

such that the commutative diagram of Lenrima B.10 appliedeétthiterate gives
the following.

H*(So‘f—l)) G H*(Sﬁji—l))
R0 I S S A O)

By induction, we get the the following.

Corollary 3.12 For everya =< 3 € R¥, H*#(S) is isomorphic toH*#(C).

4 Experimental Results and Conclusion

We considered four triangle meshes (available_at [1]). Baelksh was filtered
by the 2-dimensional measuring functigntaking each vertex of coordinates
(z,y, 2) to the pairf(v) = (|z], [y]).

In Table[1, the first row shows on the top line the number oficestin each
considered mesh, and in the middle line same quantitiesreeféo the cell com-
plex C obtained by using our matching algorithm to redi&e Finally, it also
displays in the bottom line the ratio between the second heditst lines, ex-
pressing them in percentage points. The second and thertivsishow similar

15



Table 1: Reduction performance on some triangle meshes.

tie space_shuttle X_W ng space_station
#So 2014 2376 3099 5749
#GC 228 121 175 1879
% 11.3 5.1 5.6 32.7
#S, 5944 6330 9190 15949
#C, 3343 3699 3605 11158
% 56.2 58.4 39.2 70.0
#S, 3827 3952 6076 10237
#GC, 3012 3576 3415 9316
% 78.7 90.5 56.2 91.0
#S 11785 12658 18365 31935
#C 6583 7396 7195 22353
% 55.9 58.4 39.2 70.0

information for the edges and the faces. Finally, the fouoth show the same

information for the total number of cells of each considarestshS.

Our experiments confirm that the current vertex-based nrjcigorithms
do not produce optimal reduction of the complex so that evenyaining cell is
relevant in the computation of persistence homology. Theuwtision and the ex-
amples provided in subsectibn 3.2 show the limitationsisfriiethod. They show
a fair rate of reduction for vertices, but the reduction ffatecells of dimensions

1 and 2 is not as significant as that for vertices.
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